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Abstract 

In this paper some extensions of Hardy's integral inequalities to 
< p < 1 are established. 



< 

u 

1. Introduction 

Let 

Hf(x) = - I* f(t)dt,(x>0), 
O . i Jo 

£Tt ■ and (dual form) 

/•oo 

H*/(x)= / f(t)dt,(x>0). 
The Hardy integral inequality can be stated as (see [3]): 

oo 



(Hf(x)fdx<p ,p (f(x)) p dx,p>l,f(x)>0, (1) 
o Jo 







/•oo 

(H*f(x)) p dx < f \ (xf(x)) p dx,p > 1, /(ar) > 0, (2) 

JO 

unless / = 0. 

The inequality (1) was firstly proved by Hardy [4], but the constant was not de- 
termined; and Landau found out precisely the constant is p' p in [7]; later, Hardy [5] 
generalized it to the inequality (2) himself. However, if < p < 1, the reverse direction 
inequalities hold (see [3]): 



CO 



{Hf{x)) p dx > p' p / {f{x)) p dx, 0<p<l, f(x) > 0, (3) 

JO 

/ (H*f(x)) p dx > f / (xf(x)) p dx,0 <p< lj(x) > 0. (4) 
Jo Jo 

unless / = 0. The constants in (1),(2), (3) and (4) are the best possible. 

The positive direction inequalities (1) and (2) play an important role in many areas 

such as harmonic analysis [12], PDE [8], etc. In view of this, much efforts and time 

have been devoted to their improvement and generalizations over the years. 
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When p > 1, many generalizations include the works in numerous papers, for 
example, [3,11,6] and some of the references cited therein. 

When p — 1, in view of the theory of Hardy spaces on R n established by Coifman 
and Weiss in [1] and some others, J. Garcia-Cuerva and J. L. Rubio de Francia extended 
(1) to Hardy spaces, and established a positive direction inequality of Hardy type for 
p—1: let / G ff X (R) be supported in [0, oo), then 

/ \Hf(x)\dx< (log 2) \\f\\ Hr(R) , (5) 

where H]f° is the atom Hardy spaces. See [2]. 

In this paper we extend the positive direction inequalities (1), (2) and (5) to < 
p < 1, as well as establish some estimates of H and H* from Hardy type spaces to 
Hardy type spaces. 

Let us introduce some definitions of the Hardy type spaces. 

Definition 1 Let < p < 1 < q < oo,p < q and s G N and w > is a weight 
function on R + . 

(a) A function a(x) on R + is said to be a (p, q, s)„,-atom , if 

(i) supp a C (x ,Xi) C R + ,x > 0, 

(ii) IHk(R+) < (Sxo w(x)dx) 1/q 1/P , 

(iii) J K+ a(x)x^dx = 0, (3 = 0, 1, s, 

(b) and a(x) is said to be a L — (p, q, s) U) -atom , if it is a (p, q, s) w -atom and satisfies 

(iv) J R+ a(x)\nxdx = 0. 

Definition 2 Let p, q, s and w as in Definition 1. Some Hardy spaces on R + are 
defined by 

HP' q ' s (R + ) ={/:/ = £<>ii A fc a fc , where each a fc is a (p, g, s) w -atom, |A fc | p < 

+oo, and the series converges in the sense of distributions}, 
and 

LHP' q ' s (R + ) = {/:/ = E^Li Afca fc , where each a k is a L - (p, g, s) w -atom, 
XlfcLi |Afc| p < +oo, and the series converges in the sense of distributions}. 
And define the quasinorms of a function of H^ S (K + ) or LH^ q ' s (R + ) by 

/ oo \ VP / oo \ 1 /P 

\\f\\H™' s (n+) = inf E |A fc | p , or ||/|| LH r' s (R+) = inf E |A fc | p 
\fc=i / \fc=i / 

respectively, where the infimum is taken over all the decompositions of / as above. 

Simply, we denote iff' q ' s (R+) and LHf' q ' s (R+) by ff p ^' s (R+) and LH P ^ S (R+) re- 
spectively. 

ff p ' q '°(R + ) is an example of the Hardy spaces on spaces of homogeneous type studied 
by Coifman and Weiss [1], and A.Marcias and C. Segovia [9,10]. 

Throughout this paper, we denote p' = p/(p — 1) for 1 < p < oo, oo' = 1, and 
1' = oo, and suppose all functions are not identical to zero. 

We extend (1) and (5) to the case of < p < 1: 

Theorem 1 Let 0<p<l<g<oo and p < q. If / is in H p ' q '°(R + ), then, 

||#/||lp(R+) < (1 _ \ y /p \\f\\HP-».0(K+). (6) 
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We extend (2) as well: 

Theorem 2 Let < p < 1. If / is in H^ q '°(R + ), then, 



\\Hf\\ LH n + ) < 



if q = oo, 

(i- P )i/P( P +i) ll/llfl5?-°(R+)» if <7 = 1,P#1, (7) 



We also extend these results to the estimates of H and if* from Hardy type spaces 
to Hardy type spaces. 

Theorem 3 Let < p < 1 < q < oo and s E N. If / is in H p > q > s (R + ), then, 



\\Hf\\ H P,<i,s(R+) < Q''II/I|l j H"p.9. s (R+)- 



(8) 



Theorem 4 Let < p < 1 < q < oo, s e N and s - 1 > 0. If / is in H p > q > s (R + ), 
then, 



\H*f\\ 



#P.9.s-l(R + ) 



< ^ 



i 



i/p 



HP.«.*(R+), 



if q = oo, 

{1 _ p){1+p) i-i/p \\J \\hp^(r+), ifg = l,p^l, (9) 
9||/l|fli'.«.'(R+), if 1 < g < oo,0 < p < 1. 



2. Proof of Theorems 

Firstly, let us introduce two inequalities. By Minkowski inequalities [3], it is easy 
to see that 



( Xl - x y +1 < x\ 



+ 1 n,P+ 1 - 



X, 



i 



when xi > xq > and p > 0, and 



(Xi -X ) P > X 1 



1—p 1— p 



(10) 



when Xi > xq > and 1 > p > 0. 

Proof of Theorem 1 It suffices to prove the following propositions. 
Proposition 1 Let 0<p<l<g<oo and p < q. We have 

1 



\Ha(x)\ p dx < - 

l-p/q 



(12) 



for all (p, q, 0)-atom a on R + . 

Let FH p,q,0 (R, + ) be the set of all finite linear combination of (p, q, 0)-atoms. 
From Proposition 1 it is easy to get that 

Proposition 2 Let 0<p<l<g<oo and p < q. Then (6) holds for / in 
FifP>«>°(R+). 

Proposition 3 Let 0<p<l<g<oo and p < q. Then 

oo 

Hf(x) = >^kHa k (x) a.e. 
k=i 
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for all / = IXi A fc a fc e iP^ (R+) , where each a k is a (p, q, 0)-atom and E^Li |A fc | p < 
oo. 

In fact, once Proposition 1 and Proposition 3 have been proved, then, for / G 
i?™ (R + ), i.e. / = EfcLi A fc a fc , we have 



/* oo /* oo oo 

/ \Hf(x)\ p dx = / I^Afcffa^)^ 
Jo Jo k=1 



< 



J2\X k \ p \Ha k (x)\ p dx 



k=i 



00 roo 

(by Minkowski inequality) 

1 00 

1 El^l p > 



From this, (6) follows easily. Thus, we finish the proof of Theorem I. 

Proof of Proposition 1 Let a be a (p, q, 0)-atom on R + , i.e. supp a C (xq, x±) C 
R + , (xq > 0), ||o||l9(r+) < (x\ — xq) 1 ^ -1 ^ , and f °° a(x)dx = 0. Let us prove (12). 

From the vanishing property of a, it is easy to see that supp Ha C (xo,Xi). Thus, 
noticing that rr > 0, we have 

rxi 

\Ha(x)\ p dx 

p 



POO 

/ \Ha(x)\ p dx 
Jo 



XQ 



/ - / a(t)dt 

J Xq X J XQ 



< 



XQ \X \Jxq 



dx 



< \\a\\ p 

— H a llL9(R+) 



< (xi - xo)^- 1 f 

Jx 



i(t)| 9 rftj (x-a;o) 1/9 ' 
(by Holder's inequality) 

x i (x - x ) p 



< ( Xl - XoY'^ 1 I (x-x )- p / q dx 
= 1/(1 -p/q) 



Xo 
XI 



XQ 



XP 



Xo)- p/q d. 



when 1 < q < 00; 



\Ha(x)\ p dx = 



XI 
XQ 



X JXQ 



a(t)dt 



dx 



< \\n\\ p 



XI /\\P 



xo \X 



dx 



< (*l - Xof' 1 £ {X J 0) \ x - X )- p dx 

rxi 

< (x 1 - x ) p 1 / (x- x ) p dx 

Jxo 

= 1/(1 -p) 
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when q — 1 and p ^ 1; and 



/•oo 

/ |#a(:r)| p dx 

JO 



X Jxo 



a(t)dt 



dx 



— IHIl°°(R+) 



rxi /\ \P 

/ — (x — x ) dx 

Jx \X J 



f xl 

< {Xi - Xq) / 
Jxo 



1 f*l (X - X ) P 



a? 



dx 



< 1. 



when g = oo. Thus, (12) has been proved for 1 < q < oo, and p < q. Thus, we finish 
the proof of Proposition 1. 

Proof of Proposition 3 Let H p ' q '°(R + ), then f = Y,i K a i where are (p, q, 0)- 
atoms and X)j |Aj| p < +oo. We know that Ha,i is well defined for every % since Oj G 
L 9 (R + ) with 1 < q < oo and (12) holds by Proposition 1. Then 

|| ^2 Ajifaj||^ R+ ) < E |Aj| p ||iJai||^ p(R+) < C^|Aj| p < C||/||^p, 9 ,o( R +) < oo, 



it follows | Yji\Ha,i(x)\ < oo a.e.. Let 



E A ; A' 



(13) 



with 



ElA?^ < +oo and ]T|Af j | p " < +oo 



(2)| 



(14) 



and af^ and are (p, s, a)-atoms. Once it is proved that 



,(2) 



(2) ttJ2) 



then, 



H fi x ) = ^2\Hdi(x) a.e. 



is well defined for all / = E^Li A fc a fe G H p ' q '°(R + ). Thus, Proposition 2 holds. 
It is remained to prove (13). For any 5 > 0, by (14), there exists i such that 

oo oo 

eia; i} i p "<^ and Ei A S 2) r"<^ _ - 

i=io i=io 

From (13), we see that 



(15) 



1=1 



=10 
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then, 

to — 1 oo oo 

|| E(W - ^oPWhmw < E lM 1) r+ E lM 2) ! P < 2F. (16) 

t=l i=io i=io 

By the linearity of H, we have 

oo oo io — 1 oo oo 

SAW - E Af^af) = HCEtiM* ~ M 2) 4 2) )) + E ^Ha? - E Af^af . 

i=l i=l i=l i=io i=io 

(17) 

By Proposition 2 and (16), we see that 

ii^(E(a! 1) 4 1) - Af ) 4 2) ))iiLf(R+) < ii E^V* - aS 2) 4 2) )IIV(r +) < m 

i=l i=l 

From (17), (18), (12) and (15), we have 



vW^a^ - E xC ' ! r "' 2!|l/ ' 

i=l i=\ 

Let 5 -> 0, we get that || EZi ^ H 4^ ~ E*=i A? } #4 2) ||£p (R+) = 0, it follows that 
E~i A^ffaf ) = E~i Af ^af } a.e.. Thus, we finish the proof of Proposition 3. 
The proof of Theorem 1 is finished. 

Proof of Theorem 2 As the proof of Theorem 1, it suffices to prove the following 
propositions. 

Proposition 4 Let < p < 1. We have 



/ \H*a(x)\ p dx < < 
J o 



1, if q = oo, 

(i-rtjp+i)" ' if 9 = 1,P^1, (19) 



for all (p, g, O^p-atom on R + . 

Let FH p f ,0 (Ii + ) be the set of all finite linear combination of (p, q, 0) xP -atoms. 
From Proposition 4 it is easy to get that 

Proposition 5 Let p and q as in Theorem 2. Then (7) holds for all / G FH^ P q '°(R + ). 
Proposition 6 Let 0<p< 1, l<q< oo, p<q — l,p^q = l and p < q. Then 

oo 

Hf{x) = E hHa k {x) a.e. 
fc=i 

for all / = E£Li AfcOfc G iJ^ P 9 '°(R + ), where each is a (p, q, 0) xP -atom on R + and 
Er=i|A fe | p <oo. 

Proof of Proposition 4 Let a be a (p, g, O^p-atom on R + with supp a C 
(x ,Xi) C R + , (xq > 0). Let us prove (19). 
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As those discussions in the proof of Theorem 1 we have supp H*a C (xq, xi). Thus, 



when q = oo, noticing that ||a||L°°(R+) 



ls(r+)> by (10), we have 



poo rxi 

/ \H*a(x)\ p dx = / |#*a(:r)| p cix 

•/ Jx 



xo 

rxi rxi V 

I I a(t)dt dx 

J XQ J X 

rxi 

R+) / (xi - x) p dx 

Jx 

(rxi \ _1 /-ai 

/ / { Xl -xfdx 

•I xo J J xo 



< \\n\\ p 



< 



(Sx-Sq)**- 1 



< l; 

when g = 1, < p < 1, by (11), we have 

rOD 

/ \H*a(x)\ p dx < 
Jo 



x\ 
xo 

< \\a" 



X\ 



< 



(/«» 



\a(t)\t p -dt 

x\ I 

— 2 dx 

x XP 
p-l rxi I 



dx 



xo 



XP 



dx 



(1+p) 



i-p x 1 -p 



x, 



< 



1 



i-p 



l-p^ 



l-p-* 



(l-p)(l+p)^J- p -X, 
1 

(l-p)(l+p)P ] 

and when 1 < q < oo, < p < q — 1, we see that (p + l)/q < 1, and then pg'/g < 1, 
by (10) and (11), we have 



roo 

/ \H*a(x)\ p dx 
Jo 



xo 



rxi rxi 

\ \ a(t)dt 

J Xo J X 



< 



< ||a" p 



\ 1/9 / rxi I 



l/q>- 



(by Holder's inequality) 

1 \ P/9 1 



L tp( R+ ) ^1 -pq'/q 
p/q' 



xo 



(x\ 



l-pq'/q _ x l~pq'/q 



dx 



< 



l-pq'/q) (1/q 1 -p/q)p+l ( t p+i _ T P+^ 1 ~ p/q 
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/ i \ p/q ' (i+py/1- 1 ( Xl - Xo )W-p/i)p+i 

[l-pq'/qj (l/q'-p/q)p+l (x, - x ) (p+1)(1 - p/q) 
1 {l+p) p ' q - 1 



(l-pq'/q) p/q> '(1/9' '-P/0)P + 1' 

Thus, (19) has been proved for 1 < q < 00, and p < q — 1. 

Proposition 5 follows easily from Proposition 4. Proof of Proposition 6 is same as 
that of Proposition 3. 

Thus, we finish the proof of Theorem 2. 

Proof of Theorem 3 Let a be a L — (p, q, s)-atom on R + with supp a C 
(x , xi), (xq > 0). Let us prove that -^Ha is a (p, q, s)-atom on R + . In fact, 

(i) we have already proved supp Ha C (xo,xi , 

(ii) when q — 00, noticing that \Ha(x)\ = ^f* o a(t)dt < |H|l°°(r+) x < 
H a IU°°(R+)) we have 

||-Ha|U°°(R+) < ||o||l°°(r+) < (xi - x y 1/p ; 
and when 1 < q < 00, by the L q (R + ) boundedness of H, we have 

7#a|| L9(R+) < ||a|| L , (R+) < (xi -x ) 1/q ~ 1/p , (20) 



q- 

(iii) by the vanishing property of a, we have 

f+OO rX\ 



/ x 13 Ha(x)dx = I x l3 Ha(x)d. 

J0 J Xq 

rxi rx 

= / x?- 1 / a(t)dtd. 

J xo Jin 



, S, 



X 

x 
xi 

h — 1 1 / 1 \ 1 1 j 

X 

xo 

rxi rx 1 

/ a(t) / af^dxdt 

'xo Jt 

±S%a(t)(xZ-tP)dt, if 0=1,2 
Qa(t) (In Xl -\nt)dt, if /3 = 
= 0, if (3 = 0,1,2, 

Thus, combining (i), (ii) and (iii), we see that ^Ha is a (p, g, s)-atom on R + . Let 
/ G Lif p ' 9 ' s (R + ), then / = Y^jLi ^j a ji where each aj is a L — (p, g, s)-atom on R + . So 
we have -^H f = J2JLi ^jj/Hcij, where each ^Haj is a (p, g, s)-atom on R + . And by 

the definition: f\\Hp<i^(R+) = inf (S^=i ^ > where the infimum is taken over 

all the decompositions -^Hf = Y^j°=i Hjbj, and each bj is a (p, q, s)-atom, we have 

. Vp 

1 

\—;Hf\\ H p, q ,sm+\ = inf 

2 = 1 

each bj is a (p,q,s)— atom 
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I/p 

< mf ij>/ 

3 = 1 

each a,j is a L—(p,q,s) — atom 

(since each —Haj is a (p, g, s) — atom) 

i/p 



OO 



inf £|A 



jp 



3=1 

each aj is a L—(p,q,s)— atom 



Lffp, ?)S (R+)- 



U' =1 



Then 

\\Hf\\ H P^(R,+ ) < <l'\\f\\LHP^(R+)- 

Thus, we finish the proof of Theorem 3. 

Proof of Theorem 4 Let a be a (p, q, s^p-atom on R + with supp a C (x ,Xi) C 
R + , (xo > 0). Let us prove that 

(1 + p )- 1 /PH*a(x), if q = oo, 

(1 -p)(l + p) 1 - 1 / p #*a(a;), ifg=l,p^l, (21) 

and ±H*a(x), if 1 < g < oo, < p < 1, 

are the (p, g, s — l)-atoms . 

(i) Clearly, suppfPa C (x ,Xi). 

(ii) When q = oo, and a; G (x ,Xi), noticing that ||a||z«=(R+) = ||a||x,o°(R.+), and by 
(10), we have 

\H*a(x)\ < (xi - x)||a|| L oo (R+) 
= (xi -aj)||a|| L oo ( R+) 



xi \ -i/p 



< 



(xi — x ) (^J x p dx^j 
(xi - x ( 



< (i+p) 



l/p_ ( x i ~ x o) 



((x 1 -x )P+ i ) 1/p 
= (i +p y/P( Xl - Xo )-Vp. (22) 
When q = 1, < p < 1, by (10) and (11), we have, 

/ |if*a(a;)|d2; < / / |a(t)|t p -dt 

JO Ao Ja; t p 

, , f x l 1 , 

< IMlLi (R+) / — 



to 



< / t P dt) / — dx 

\Jx J Jx X p 



< 



(1 -p)(l+p)l-l/P 

When 1 < g < oo, by (2), we have 



(i - P )(i + P y- i /p ^i+p _ xi+py^ 1 
(l - P )(l + py-^p (m - x )( 1 +p)( 1 -p)/p 



1 i7*a|| Lg(R+) < ||a|| J c< J (R,+, f g) < {xi -x ) 1/q 1/p . (23) 
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iii) By the vanishing property of a, we have 

r+oo r-x\ 



f °° x l3 H*a{x)dx = x f3 H*a{x)d 

JO Jx 

rxi rxi 

= / x p / a(t)dtd. 

•> X!) J X 



X 

xo J X 

X\ ft 

a(t) / x^dxdt 

xo J xo 

1 f xl 



/3 + 1 



a{t)t? +1 dt 



xo 



= 0, if = 0,1, 2,. ..,s- 1, 

when < /3 < s — 1. Thus, (21) has been proved. Therefore, Theorem 4 follows from 
this by analogous arguments to those in the proof of Theorem 3. 



3. Remarks 

Remark 1 If the functions / in Theorems 3 and 4 are finite linear combinations 
of corresponding atoms, i.e. / = ^j a ji then 

the " < " in (8), (9) will be changed to " < ". 

In fact, for Theorem 3, suppose that there is k < oo such that 

feo 

/ — AjOj, where each a,j is a L — (p, q, s) — atom on R + , 

then, by the proof of theorem 3, for each a,j,j = 1, 2, ho, we have 

||-H"o j |U«(R+) < <?' (a?i - a; ) 1/9 ~ 1/p , 



and it follows that there is < e^- < 1 such that 

||-H"%||l9(r+) < (</ - €j) (xi - x 
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Let e = min{ei, 62, €k }, then 

||-H"ajlU«(R+) < (<?' - e) (a?i - x ) 1/q ~ 1/p . 

As the arguments in the proof of Theorem 3, we have that each -^r^Haj is a (p, q, s)- 
atom on R + , and 

\\Hf\\ H ™.>(B.+) < (J ~ t)\\f\\ P L m^(R+) < <l'\\f\\ P Lm^(ii+y 

Similar arguments above are suitable for the case of Theorem 4. 
Remark 2 If we drop the restriction x > in the definitions of Hardy spaces (in 
Definition 1), then 

the " < " in (6), (7) will be changed to " < ". 

This is because of that the "< " in (12) and (19) will be changed to "<" if x = in 
the proofs of Theorems 1 and 2. 

Remark 3 If the functions / in Theorems 3 and 4 are finite linear combinations of 
corresponding atoms, i.e. / = X^li \ a j, then, even if dropping the restriction x > 
in the definitions of Hardy spaces (in Definition 1), we have that: 

the " < " in (8) will be changed to " < " 

when 1 < q < 00, and 

the " < " in (9) will be changed to " < " 

when 1 < q < 00. These follow from the analogous arguments to those of Remark 1, 
since the "<" in (20), (23), and the first "<" in (22) hold still when x = 0. 
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